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We use complete enumeration of self-avoiding chains of up to N=26 monomers in two-dimensional lattices
to investigate the effect of alternative implementations of backbone hydrogen bonds on the cooperativity of
homopolypeptide collapse. Following a recent study on protein folding models, we use the square lattice with
z=3 local conformations per monomer and lattice extensions containing diagonal steps which result in z=5 or
z=7 and assume that only a subset of zh�z local conformations is compatible with hydrogen bond formation.
As previously observed in heteropolymeric folding, a significant increase in cooperativity, as measured by �2

values, results from the coupling between hydrogen bonds and hydrophobic interactions, in such a way that
hydrophobic contacts are favorable only when contacting monomers are involved in hydrogen bond formation.
For some z /zh combinations the energy distribution is bimodal at the collapse transition temperature. The
situation can be regarded as if all hydrophobic contacts actually decrease the energy by the same amount, 2h,
with the addition of an energetic increase, �2=h, as a penalty for each contacting monomer not satisfying the
hydrogen bond condition. Cooperativity is little affected and might even decrease, however, when hydrogen
bonds produce a decrease in energy by the same amount, �1=h, for each bonding monomer. For the more
general situation when the hydrogen bond effect is not equal, in modulus, to the hydrophobic interaction, i.e.,
�2�h or �1�h, we observe a pronounced increase in �2 for small �2, with a maximum around �2 /h�1.5,
followed by a gradual decrease to a limiting value at large �2. The opposite behavior is observed when �1 is
varied. The observed qualitative difference is shown to arise from opposite effects on the convexity of the total
density of states of the system when subdensities corresponding to different numbers of hydrogen bonds are
differently favored as opposed to the case when subdensities corresponding to different numbers of contacting
monomers not forming hydrogen bonds are differently unfavored. Potential implications for the cooperativity
of protein folding and protein unspecific collapse are discussed.
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I. INTRODUCTION

We have recently observed that a significant increase in
folding cooperativity can arise in protein lattice models when
the formation of favorable hydrophobic interactions is
coupled to an effective reduction in lattice coordination �1�.
This scheme was intended to mimic the reduction in local
conformational entropy resulting from the requirement that
backbone polar groups must form hydrogen bonds upon in-
sertion into the apolar protein core during the folding pro-
cess. It was suggested, therefore, that hydrogen bonds might
contribute significantly to protein folding two-state behavior.
Since the underlying entropic effect is independent of se-
quence, a similar result could be expected to arise even for
homopolymeric collapse or for the rapid unspecific contrac-
tion observed for some proteins upon a sudden environmen-
tal change from denaturing to folding conditions. Accord-
ingly, the increase in cooperativity was actually more
pronounced for collapse than for folding itself in one of the
models for which the two transitions were not concomitant
�1�.

For several simple models investigated during the last de-
cades, with no explicit consideration of hydrogen bonds or
secondary structure, homopolymeric coil to globule transi-
tions were found to be continuous, e.g., �2�, as well as the
initial unspecific collapse observed in some folding het-
eropolymeric models, e.g., �3–5�, which is consistent with
the theoretical prediction of a not cooperative, one-state,
second-order collapse transition for flexible homopolymers
�6–8�. It has also been known, both from theory and simu-
lations, that collapse becomes a cooperative, two-state, first-
order transition for “stiff” polymers �6–10� and it is unclear
how stiff a more realistic polypeptide model could be. Simu-
lations with the “210” �or “knight”� lattice, which is intended
to be geometrically consistent with protein secondary struc-
ture �11�, have also indicated, however, that the ho-
mopolypeptide collapse transition, when induced by a com-
bination of uniformly attractive hydrophobic interactions
with hydrogen bonds favoring �-helix formation, could be
reasonably sharp for some choices of parameters but not two
state �12�. Langevin dynamic simulations of off-lattice, fold-
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ing heteropolypeptide models, with explicit consideration of
favorable hydrogen bonds, have also found the transition
from denatured to compact non-native conformations to be
not cooperative �13�. It can be considered somewhat surpris-
ing, therefore, that experimentally observed time courses of
rapid collapse for real proteins �14�, and even some nonfold-
ing heteropolypeptides �15�, which only became technically
possible during the last decade, were found to be consistent
with a cooperative, barrier-crossing process, slower than ex-
pected for the continuous collapse of flexible polymers.

In the present study we perform an extensive investigation
of the effect of alternative hydrogen bond implementations
on collapse cooperativity of two-dimensional, exact, lattice
homopolypeptide models. We are particularly interested in
eventual qualitative thermodynamic differences resulting
from distinct assumptions about the dominant net enthalpic
contribution of hydrogen bond formation for the stability
protein structures. An interesting debate on this issue has
taken place in the literature for many years, as reviewed in
�16�. Easily implementable, energetically favorable models
of hydrogen bonds �12,13� implicitly assume that internal
bonds in proteins, between backbone polar groups, are en-
thalpically more favorable than external bonds, between
these groups and water, and do not account for the cost of
burying unpaired polar groups. Alternatively, as in the imple-
mentation used in our previous study �1�, it might be as-
sumed that internal and external bonds are enthalpically
similar but the burial of unpaired polar groups is significantly
unfavorable �17–19�. Note that both assumptions, although
disagreeing about the stability of hydrogen bonds in an aque-
ous environment, are consistent with enthalpically favorable
hydrogen bonds inside the apolar core of protein globules
�20� and, therefore, with the plausible hypothesis of a signifi-
cant reduction in the number of compact relevant conforma-
tions imposed by hydrogen bond formation, as corroborated
by recent lattice �21,22� and off-lattice simulations �23–25�.

We presently observe, however, that very simple models
intended to capture these two alternative assumptions might
actually display opposite effects regarding the thermody-
namic cooperativity of collapse, as measured by the �2 pa-
rameter proposed by Chan and collaborators �26,27�, indicat-
ing that this apparently subtle difference might be even more
relevant for cooperativity than the geometric details of the
polymer chain. The observed qualitative difference is shown
to arise from opposite effects on the convexity of the total
density of states of the system when subdensities corre-
sponding to different numbers of hydrogen bonds are differ-
ently favored as opposed to the case when subdensities cor-
responding to different numbers of contacting monomers not
forming hydrogen bonds are differently unfavored.

II. EXTENDED LATTICE POLYMER MODEL

As in our previous study �1�, we use the square lattice
with z=3 local conformations per monomer and lattice ex-
tensions containing diagonal steps which result in z=5 and
z=7 and assume that only a subset of zh�z local conforma-
tions is compatible with hydrogen bond formation �Fig. 1�.
We use the term “coordination” for this number of possible

local conformations, z or zh. For each z /zh combination, we
now consider two alternative definitions of hydrogen bond
�� and �� and, for each of them, two alternative forms of
energetic contribution to be added to the uniformly attractive
hydrophobic interactions. According to definition �, a hydro-
gen bond is simply counted for each monomer adopting one
of the zh local conformations, independently of the local con-
formation of any eventual contact partner. It can be imagined
that in this case the hydrogen bond interaction is satisfied
locally, as in � helices. According to definition � which, in
this sense, loosely resembles � sheets, a hydrogen bond is
counted only when both monomers forming a contact adopt
one of the zh local conformations. � and � definitions do not
differ in the specific zh local conformations assumed to be
compatible with hydrogen bond formation, as would be the
case in a more realistic consideration of protein secondary
structures. Note that since possible step vectors for the ex-
tended lattices are not all equal in length, the distance be-
tween two given adjacent beads “fluctuates” between 1 and
�2 lattice units, resembling therefore other “fluctuating
bond” polymer models previously used in protein folding
studies, e.g., �28�. The use of variable distances to model a
polypeptide system, in which virtual bonds between adjacent
C� atoms are known to be constant, might be considered as a
small price to be paid in order to overcome intrinsic limita-
tions of the lattice to otherwise reproduce other properties of
real polypeptides expected to be relevant for the problem
under investigation, such as geometrically realistic protein
backbone conformations �28� or, as in the present study, a
large reduction in local conformational entropy upon hydro-
gen bond formation �1�.

The two forms for the energetic contribution from hydro-
gen bonds are intended to reflect alternative assumptions re-

FIG. 1. Possible steps between adjacent beads. In addition to the
four vectors �±1,0� and �0, ±1� of the usual square lattice, four
diagonal vectors �±1, ±1� might also be allowed, resulting in vari-
able numbers of local conformations per monomer, or coordination
z, as well as two possible distances between adjacent monomers,
i.e., 1 and �2 lattice units. The figure represents with dotted lines
the possible positions for the insertion of a third monomer in a
polymer chain, for different values of z used in the present study,
after the two previous monomers, represented as filled circles, have
already been placed. �a� The lattice with very low coordination z
=2, with no diagonal steps and adjacent bonds always forming an
angle of 90°. �b� The usual square lattice with coordination z=3,
with no diagonal steps. �c� The extended lattice with coordination
z=5, with diagonal steps but with no angles between adjacent bonds
smaller than 90°. �d� The extended lattice with coordination z=7, in
which all diagonal steps are allowed with no angle restriction. For a
given z /zh combination, z defines the set of allowed local confor-
mations for each monomer while zh�z defines the subset of local
conformations assumed to be compatible with hydrogen bond
formation.
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garding the net enthalpic effect of these interactions in pro-
tein structures. In the simplest implementation, which is
called E1 in the present study, the energy of the model is
decreased by a fixed amount, �1, for each monomer involved
in a hydrogen bond. It is implicitly assumed, therefore, that
internal bonds, between protein backbone polar groups, are
enthalpically more favorable than external bonds, between
these groups and water, by a fixed amount which is indepen-
dent of their local environment. The unavoidable decrease in
the number of available water molecules resulting from
monomer burial or, equivalently, the cost of burying un-
paired polar groups, is therefore neglected. In the second
implementation, which is called E2, it is assumed that inter-
nal and external bonds are enthalpically equivalent but the
burial of unpaired polar groups is unfavorable. Accordingly,
the energy of the model is increased by an amount �2 for
each monomer involved in a contact for which a hydrogen
bond is not satisfied. Hydrophobic interactions for each
monomer i are always implemented simply as a decrease in
energy by the fixed amount h for each contact in which it is
involved, independently of hydrogen bond formation.

More specifically, the two energy functions are

E1 = �
i=1

N

�− hci − �1bi� = − hC − �1B �1�

and

E2 = �
i=1

N

�− hci + �2ci�� = − hC + �2C�, �2�

where the sum is over all monomers, labeled by i, ci is the
total number of contacts in which monomer i is involved,
with �ici=C being 2 times the total number of contacts, bi is
the number of hydrogen bonds in which it is involved, with
�ibi=B being the total number of � hydrogen bonds or 2
times the total number of � hydrogen bonds, and ci��ci is
the number of contacts counted in ci for which a hydrogen
bond is not satisfied, with �ici�=C�. The two energy forms
can be considered as particular examples of the more general
expression

E = �
i=1

N

�− hci − �1bi + �2ci�� �3�

but we have not investigated the general situation in which
both �1�0 and �2�0. When �1=�2=0 the situation is trivi-

ally reduced to the original hydrophobic function E=−h� ·c�
�29,30� which becomes E=−hC for the present homopoly-
mer case.

Combining the two definitions of hydrogen bond with
Eqs. �1� and �2� we obtain four model possibilities for each
z /zh combination: �1, �2, �1, and �2. According to definition
� the presence or absence of a hydrogen bond depends only
on the local conformation of a single monomer and is inde-
pendent of any contact formation. There are, therefore, only
two possible numbers of hydrogen bonds for each monomer
i, bi=0, and bi=1. Even for the extended lattices, we only
consider monomer j to form a contact with monomer i, 1

� i�N, if �j− i��1 and if monomer j occupies one of the
four nearest-neighbor sites of the site occupied by monomer
i. While for z=2 and z=3 only two of these sites might be
occupied by other monomers than neighboring i−1 and i
+1, which implies 0�ci�2, for the extended lattices with
z=5 and z=7 all these four sites might be occupied by non-
neighboring monomers, or 0�ci�4. The number of con-
tacts for which a hydrogen bond is not satisfied for the �
definition is either ci�=ci, when bi=0, or ci�=0, when bi=1.
Note that only for �1 there are energetically favorable con-
formations with no contacts, i.e., when C=0 and B�0. This
situation would be analogous to stable � helices in the ab-
sence of long-range interactions. For �2, on the other hand,
C=0 implies E=0, since C��C.

According to definition � the presence or absence of a
hydrogen bond depends on the local conformation of both
monomers involved in a contact. In this case bi is counted as
the number of contacts satisfying the hydrogen bond condi-
tion in which monomer i is involved and ci�=ci−bi. bi�ci
can, in particular, be larger than 1. Note that if �2=h in Eq.
�2� the energy reduces to

E2 = �
i=1

N

− h�ci − ci�� = �
i=1

N

− hci� = − hC�, �4�

where ci�	ci−ci� is the number of “viable” contacts, with
�ici�=C�, which corresponds to the expression used in our
previous study �1�. It might also be convenient to call the
contacts counted in ci� as “not viable.” Note that only for the
� definition the number of viable contacts coincides with the
number of hydrogen bonds, i.e., ci�=bi. For the � definition
we have either ci�=0, when bi=0, or ci�=ci, when bi=1. Also
note from Eqs. �1�, �2�, and �4� that hydrophobic interactions
for E2, but not for E1, are effectively “coupled” to hydrogen
bond formation, in the sense that the hydrophobicity of each
monomer effectively depends on whether or not it is forming
a hydrogen bond. For this reason we also refer to energy
schemes E1 and E2 as corresponding to “uncoupled” and
“coupled” hydrogen bonds, respectively. � and � hydrogen
bonds, both coupled and uncoupled, are illustrated in Fig. 2
for a particular structure of 16 monomers with z /zh=7 /3. An
assumed dependence of effective hydrophobicity on hydro-
gen bond formation has been recently investigated in the
context of a geometrically realistic off-lattice protein model
�31�.

III. RESULTS

In the present study we fix the value of the hydrophobic
interaction, h, as the unit of energy and investigate the ther-
modynamic behavior of the models as a function of the hy-
drogen bond strength, �1 or �2, and chain length, N. Com-
plete enumeration of the conformational space of the four
models ��1, �2, �1, and �2� was performed for all combina-
tions of z /zh, for chain lengths of sizes up to N=26 �z=3 and
z=2�, N=18 �z=5� and N=16 �z=7�. Cooperativity is quan-
tified by �2, as proposed by Chan and co-workers �26,27�,
which is intended to be analogous to the ratio between ex-
perimental van’t Hoff and calorimetric unfolding enthalpies
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�32�. In our notation, with model energies assumed to corre-
spond to experimental enthalpies, the expression for �2 is
�1,30�,

�2 =
	HvH

	Hcal
=

2Tmax
�CV�Tmax�
	E�

, �5�

where CV�Tmax� is the heat capacity at temperature Tmax,
where its peak is located, and the calorimetric enthalpy
	Hcal=	E� is now the difference between the average en-
ergy at infinite temperature, which must be computed for
each model, and the minimal energy. The heat capacity for
some models displays two peaks and in this case two �2
values are computed although only the larger value is usually
considered for analysis. Note that �2 values close to 1, which
are considered to resemble proteinlike cooperativity, imply a
bimodal energy distribution at the transition temperature.
The reverse is not necessarily true, however, when the posi-
tions of the energy peaks happen to be significantly depen-
dent on temperature �27,33�. Cooperativity measured by �2,
as in the present study, has also been called “calorimetric
cooperativity” �26,27,30,33� in order to be distinguished

from previously used, less restrictive criteria based on the
“abruptness” of the transition, e.g., �34�.

Figure 3�a� shows collapse cooperativity as a function of
chain length for the four lattice variations used in the present
study, with no hydrogen bonds. For each coordination value,
z, �2 tends to decrease with chain length at small N but no
clear dependence is observed for N
15 for z=3 and z=2
while for z=5 and z=7 large conformational spaces have
prevented enumeration for N�18 and N�16, respectively.
Cooperativity also tends to increase as z decreases, being as
high as 0.6 for z=2, with N=20. The average number of
contacts as a function of temperature for different values of z
and fixed chain size, N=16, is shown in Fig. 3�b�. Heat ca-
pacity curves for these four models, normalized through the
division by �	E��2, are shown in Fig. 3�c�. Note, from Eq.
�5�, that the normalization procedure permits direct compari-
son between cooperativity values for the different curves.
Decreasing lines in the same plot indicate the height of a
normalized heat capacity peak that would correspond to spe-
cific �2 values at different temperatures. Energy distribu-
tions, which in the present case are identical in shape to
contact distributions, at the temperature of the major heat
capacity peak are shown for the same models in Fig. 3�d�.

Some oscillations along N are apparent in Fig. 3�a� and
they can be partly attributed to the existence of a second
peak in the heat capacity curve interfering with the relevant
collapse peak at specific chain sizes, an extreme example of
which is illustrated by the normalized heat capacity curves
for z=3 shown in Fig. 4�a�. Note that in addition to the
primary peak corresponding to chain collapse a secondary
peak might appear at a small temperature for some values of
N, as illustrated by the curve for N=20. When this is the
case, a corresponding second cooperativity value, smaller
than the collapse cooperativity from the major peak, can also
be computed. For N=9 and N=12, however, the primary
peak is masked by this secondary peak, virtually disappear-
ing in the first case and becoming a shoulder in the second,
and only the cooperativity of the secondary peak can be
computed. As seen in Fig. 4�b�, �2 values observed for these
chain sizes are unexpectedly low when compared to the rest
of the curve shown in Fig. 3�a�, which displays only the
largest cooperativity value for each N, but are consistent with
values for the secondary peak.

In order to investigate the effect of hydrogen bond imple-
mentations, �1, �2, �1, and �2, for different z /zh combina-
tions, on collapse cooperativity we computed �2 values for
these models with varying N and fixed �1=1 or �2=1 and
also with varying hydrogen bond strength and fixed N. On
the left-hand side of Fig. 5 we observe the behavior of �2 as
a function of N for �a� z /zh=7 /3 and �c� z /zh=5 /3, with
different lines corresponding to different hydrogen bond
implementations. In order to facilitate the comparison be-
tween different curves, cooperativity for simple collapse,
with no hydrogen bonds, in lattices corresponding to z �lower
dotted line� and zh �upper dotted line�, reproduced from Fig.
3�a�, are also plotted in these two panels. For this somewhat
arbitrary choice of hydrogen bond “strength” the �2 imple-
mentation is consistently the most cooperative, followed by
�2, �1, and �1. For z /zh=7 /3, as seen in Fig. 5�a�, �2 is
around 0.6 for the �2 implementation and N=16, which rep-

FIG. 2. Illustration of � and � hydrogen bonds, both coupled
and uncoupled, for z /zh=7 /3 in a conformation of 16 monomers.
Diagonal steps are allowed, because z=7, but, since zh=3, only
monomers 5 to 14, which are connected to both neighbors by non-
diagonal steps, are assumed to be compatible with hydrogen bond
formation. According to the � definition of hydrogen bond, there-
fore, one hydrogen bond is counted for each of these monomers,
which are colored black. From these 10 compatible monomers only
monomers 9, 11, 12, and 14, shown as squares, are also contacting
compatible monomers and, therefore, are the only monomers in-
volved in hydrogen bond formation according to the � definition.
For this structure, C=10 is 2 times the total number of contacts. In
order to use Eqs. �1� and �2� to compute the energy of this confor-
mation for �1=h=1 or �2=h=1 we note that, for the � definition,
B=10 and C�=c2�+c3�+c4�=1+1+1=3, resulting in E1

�=−20, for
uncoupled hydrogen bonds, and E2

�=−7, for coupled hydrogen
bonds. For the � definition B=4 and C�=c2�+c3�+c4�+c5�+c7�=1+1
+1+2+1=6, resulting in E1

�=−14 and E2
�=−4 for coupled and un-

coupled hydrogen bonds, respectively.
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resents a significant increase when compared to values lower
than 0.2 observed in the simple collapse for z=7 and the
same chain size, or to values around 0.4 observed for the
square lattice with z=3. �2 values around 0.4 for N=16 are
also observed for the �2 implementation. For the �1 imple-
mentation the whole curve is very similar to the dotted line
corresponding to the simple collapse for z=7 while �2 values
tend to be even smaller than this low reference line for the �1
implementation. As seen in Fig. 5�c�, �2 values for large N
are also around 0.6 for the �2 implementation when z /zh
=5 /3. The general behavior observed for z /zh=7 /3 and
z /zh=5 /3 is also very similar to what was found for lattice
reductions z /zh=7 /2 and z /zh=5 /2, respectively �not
shown�. Cooperativity for small effective reductions in lat-
tice coordination, either z /zh=7 /5 or z /zh=3 /2, is always
lower than for the original square lattice �not shown�.

The effect of hydrogen bond strength on cooperativity for
different models is shown on the right-hand side of Fig. 5 for
�b� z /zh=7 /3 and �d� z /zh=5 /3, with different lines in each
panel corresponding to different hydrogen bond implementa-
tions. The value of N in these two panels corresponds to the
maximal chain size for which enumeration was performed
for the particular lattice reduction, i.e., �b� N=16 and �d� N
=18. The common initial cooperativity value for all curves,
at �=0, corresponds to the lattice with coordination z and no
hydrogen bonds. It is apparent that the general behavior of
the curves in these two panels is more strongly determined

by the energy definitions, E1 or E2, corresponding to the
absence or presence, respectively, of coupling between hy-
drogen bonds and hydrophobic interactions, than on the par-
ticular definition of hydrogen bond, � or �. For all models
with coupled interactions, there is a peak of cooperativity
somewhere in the range 1��2�3 followed by a monotonic
decrease for large �2. �2 hydrogen bonds tend to result in
slightly broader and right-shifted peaks when compared to �2
hydrogen bonds. In the case of uncoupled interactions, on the
other hand, maximal cooperativity appears to be approached
asymptotically as �1 increases. The contrasting behavior of
coupled versus uncoupled interactions is clearly visualized
for �b� z /zh=7 /3, in which case sharp cooperativity peaks
are observed for �2 and �2 hydrogen bonds, reaching values
of �2�0.6 at �2�1 and �2�0.45 at �2�1.5, respectively,
while no peaks are observed for uncoupled interactions. �2
maximal values for large �1 are around 0.6 and 0.3 for �1 and
�1 hydrogen bonds, respectively. Similar behavior is ob-
served for �d� z /zh=5 /3, but in this case not only �2 and �1,
but also �2 shows cooperativity as high as �2�0.6. Note that
cooperativity tends to decrease, or remain constant, in an
initial model-dependent range of small hydrogen bond
strengths.

Since the highest values of �2 observed for these models
are never higher than 0.6 and, therefore, still low when com-
pared to proteinlike folding cooperativity of �2�1, it is im-
portant to verify if the large variations in �2 values shown in
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FIG. 3. Thermodynamic characterization of collapse for simple homopolymers, without hydrogen bonds, for different coordination’s z.
�a� �2 dependence on chain size with different lines corresponding to different coordination’s z. �b� The average number of contacts as a
function of temperature, �c� the normalized heat capacity, CV�T� / �	E��2, as a function of temperature, and the equilibrium energy distribu-
tion at Tmax, the temperature of the primary heat capacity maximum is shown for different values of z and fixed N=16. Decreasing lines in
�c� indicate the height of a normalized heat capacity corresponding to the indicated cooperativity values.
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Fig. 5 do indeed reflect qualitatively different thermody-
namic behaviors, from continuous, one-state, collapse transi-
tions for small �2 values, to cooperative, two-state, transi-
tions for large �2�0.6. Equilibrium energy distributions at
increasing temperatures might be used to verify this hypoth-
esis, since one-state transitions, characterized by a continu-
ous shift of a unimodal energy distribution, will be distin-
guishable from redistribution between modes of a bimodal
distribution, which characterizes two-state transitions. In Fig.
6 we show the temperature dependence of the energy equi-
librium distributions for the four hydrogen bond implemen-
tations, with �a�–�d� z /zh=7 /3 and �1=1 or �2=1, as well as
�e� and �f� �1 and �2 with �1=3 or �2=3. Note that each
panel, therefore, corresponds to a single point in the curves
shown in Fig. 5�b�, as indicated by matching symbols in both
figures. Each panel in Fig. 6 shows the energy distribution at
the temperature of maximal heat capacity, Tmax, as a histo-
gram and five other distributions, from left to right, corre-
sponding to the temperatures at which 10%, 25%, 50%, 75%,
and 90% of the total heat of the transition has already been
absorbed. The �2 value for the corresponding model is also
indicated, as well as the matching symbol referring to Fig.
5�b�. Consistently with their very low �2�0.2 values, it is
clear that distributions for �a� �1 and �c� �1, for �1=1, con-

tinuously shift to higher energies as temperature increases, as
expected for a not cooperative, one-state transition. For �d�
�2, with high �2�0.6, a two-state transition is apparent from
the redistribution among modes of a bimodal distribution.
Also note that for �d� �2, but not for �a� �1 or �c� �1, the
distribution at Tmax is almost coincident with the distribution
corresponding to 50% of the heat already absorbed and it is
bimodal. This coincidence between these two distributions is
also observed for �b� �2, with �2�0.4, but in this case it is
not bimodal. The increase in �2 for �1 when hydrogen bonds
become strong, when compared to hydrophobic interactions,
is indeed related to a qualitative change to a two-state tran-
sition, as illustrated for �e� �2=3. The decrease in �2 for �2 in
this regime, on the other hand, appears to result primarily
from a significant amount of heat still absorbed after the
transition has taken place and not from a change to a one-
state transition, as illustrated for �f� �2=3. Low �2 values
associated to a strong temperature dependence of the high-
energy mode in bimodal energy distributions have already
been described for protein models �33,35�.

IV. DISCUSSION

The effect of alternative implementations of hydrogen
bonds on the collapse cooperativity of homopolypeptides
was investigated by complete enumeration of two-
dimensional self-avoiding chains restricted to different lat-
tices. Despite obvious limitations such as short chain lengths,
lack of geometric detail, and space dimensionality, these
models are consistent with a significant reduction in local
conformational entropy upon hydrogen bond formation,
which is an expected property of real hydrogen bonds be-
tween different groups of a single polypeptide chain. Addi-
tionally, their simplicity permits an extensive investigation of
two alternative basic assumptions about the net enthalpic
contribution from hydrogen bonds to the stability of protein
structures. Interestingly, it is shown that collapse cooperativ-
ity might be strongly dependent on these assumptions.

The dependence of collapse cooperativity on lattice coor-
dination z for the simple homopolymer models, with no hy-
drogen bonds, is likely to be related to chain stiffness, since
for a given chain length cooperativity increases as z de-
creases, as seen in Fig. 3�a�, while stiffness might be ex-
pected to increase. Other more specific lattice details which,
in addition to z, might also contribute to chain stiffness are
not able, therefore, to affect the expected order of cooperat-
ivity for the models under investigation. The somewhat un-
expected order, if based on z alone, of average number of
contacts at high temperatures for the four lattices, on the
other hand, like the apparently small number for z=5 and
high number for z=2 shown in Fig. 3�b�, are likely to reflect
more specific details of the lattice, such as the values of
possible angles between adjacent bonds.

The level of cooperativity obtained with different hydro-
gen bond implementations for a given value of lattice coor-
dination reduction, z /zh, and �1=1 or �2=1, does not appear
to be trivially related to the cooperativity obtained for the
simple homopolymers in lattices with coordination’s z or zh,
as shown on the left-hand side of Fig. 5. For models with a
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FIG. 4. Cooperativity dependence on chain size for the simple
homopolymer, without hydrogen bonds, in the square lattice, corre-
sponding to z=3. �a� Normalized heat capacity curves are shown for
selected chain lengths, N, as indicated near each curve, with de-
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Calorimetric cooperativity, �2, for primary �crosses� and secondary
�filled dots� heat capacity peaks as a function of the polymer size.
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shown in Fig. 3�a� for z=3.
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large reduction �z /zh=7 /3, z /zh=7 /2, z /zh=5 /3, and z /zh
=5 /2� �2 hydrogen bonds result in higher cooperativity than
for the simple homopolymer in the lattice with coordination
z=3 or z=2, while for �2 hydrogen bonds cooperativity
tends to be similar or slightly higher than for the lattice with
coordination z=3 although lower than for the lattice with
small coordination z=2. Coupled hydrogen bonds, therefore,
when �2=1, clearly tend to increase cooperativity with re-
spect to the collapse of simple homopolymers in the original
square lattice. The situation is reversed for uncoupled hydro-
gen bonds, with �1=1, since in this case cooperativity tends
to be similar or even smaller than for simple flexible ho-
mopolymers in high coordination lattices z=5 or z=7.

The stronger dependence of the qualitative behavior of the
system on the energy function definition, coupled versus un-
coupled, than on the hydrogen bond definition, � versus �, is
even more evident on the effect of hydrogen bond strength
on collapse cooperativity shown on the right-hand side of
Fig. 5. Also note that in geometrically realistic protein mod-
els only the energy definition is likely to be open to choice,
since both � and � hydrogen bonds should naturally arise in
the same simulation depending on the distance along the
sequence between hydrogen bond donor and acceptor. For
the situation in which the hydrogen bond effect, �1 or �2, is
comparable in magnitude to the hydrophobic interaction,
coupled hydrogen bonds increase cooperativity while un-
coupled hydrogen bonds have little effect or even decrease it,
as discussed above. This result is consistent with previous

observations of the not-cooperative collapse for polypeptide
models with energetically favorable hydrogen bond interac-
tions �12,13�. When the hydrogen bond effect becomes stron-
ger, the situation is reversed, since �2 values for coupled
hydrogen bonds decrease while they increase for uncoupled
hydrogen bonds and, specifically for �1, reach values as high
as the highest values observed for coupled bonds. It is ap-
parent, however, that this situation is likely to be less rel-
evant for realistic models since very strong hydrogen bonds,
when compared to hydrophobic interactions, would be likely
to prevent collapse, resulting in long single segments of sec-
ondary structure, e.g., �12,24�.

The connection between �2 values, shown in Fig. 5, and
the shape of the energy distribution at Tmax, shown in Fig. 6,
can be better understood when it is considered that

CV�Tmax� = 
� �E

�T
�

V



T=Tmax

=
�E

2�Tmax�
Tmax

2 �6�

or, from Eq. �5�,

�2 =
2�E�Tmax�

	E�
, �7�

where �E�Tmax� is the energy standard deviation at Tmax

�27,35�. It is clear, therefore, that the maximal possible value
of �2=1 corresponds to �E�Tmax�=	E� /2, or a perfectly bi-
modal energy distribution at Tmax, equally divided between
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FIG. 5. �2 dependence on chain size, N �left-hand side �a� and �c��, and hydrogen bond strength, �1 or �2 �right-hand side �b� and �d��,
for different hydrogen bond implementations ��1, �2, �1, and �2�. Hydrogen bond strength in �a� and �c� is equal, in modulus, to the
hydrophobic interaction, �1=1 or �2=1. Chain length is N=16 in �b� and N=18 in �d�. Each panel corresponds to a given lattice reduction:
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ALTERNATIVE HYDROGEN BOND IMPLEMENTATIONS … PHYSICAL REVIEW E 76, 051914 �2007�

051914-7



minimal and maximal possible energies, with no conforma-
tions with intermediate energy values. The minimal value
�2=0, on the other hand, corresponds to all conformations
having the same energy, or �E=0. Since the distinction be-
tween one-state and two-state transitions is based on the dis-
tribution being bimodal or unimodal, it is useful to consider
the special value of �2 corresponding to a flat energy distri-
bution with all energy levels equally populated at Tmax,
which happens to be, if energy is considered to be a continu-
ous variable, �2

#=2��
0
1x2dx�− �
0

1xdx�2, or �2
#=2�1 /3−1 /4

=0.577. If �2��2
# then the distribution at Tmax must be bi-

modal, as in Fig. 6�d�. The reverse is not necessarily true,
however, because heat absorption above Tmax might increase
	E� and result in �2��2

# even if the distribution is clearly

bimodal at Tmax, as in Fig. 6�f� and, to some extent, Fig. 6�e�.
The intrinsic qualitative difference between coupled and

uncoupled hydrogen bonds must result from their different
effects on the logarithm of the density of states of the system,
or microcanonical entropy, whose convexity or concavity is
intimately connected to the existence or not, respectively, of
a cooperative, two-state transition �33,36,37�. Since the num-
ber of conformations at any given energy results from the
sum of conformations with different numbers of either hy-
drogen bonds, B, or unviable contacts, C�, the whole density
of states can also be considered as the sum of “subdensities,”
each of them characterized either by the same B or C�. Com-
plete enumeration, for z /zh=7 /3, of all conformations for all
possible numbers of contacts, C, as well as for the numbers
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FIG. 6. Equilibrium energy distributions for different hydrogen bond implementations with fixed lattice coordination reduction z /zh

=7 /3 and chain length N=16. In each panel, the energy distribution at Tmax, the temperature of maximal heat capacity, is shown in boxes
while five dashed curves, from left to right, correspond to temperatures at which 10%, 25%, 50%, 75%, and 90% of the total heat of the
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of hydrogen bonds, B, and of not-viable contacts, C�, shows
how the convexity of the total density of states, in logarith-
mic scale, is differently affected when subdensities corre-
sponding to given numbers of hydrogen bonds are differently
shifted to lower energies as �1 increases in uncoupled hydro-
gen bonds, as opposed to the case when subdensities corre-
sponding to given numbers of not-viable contacts are differ-
ently shifted to higher energies as �2 is likewise increased in
coupled hydrogen bonds �Fig. 7�. For uncoupled hydrogen
bonds, in which case the energy of all conformations with B
hydrogen bonds is decreased by �1B, the total density of
states, shown as a thick line in each panel, becomes even

more concave for �1 �not shown� or is little affected for �1
when the hydrogen bond strength increases from �a� �1=0 to
�c� �1=1. For coupled hydrogen bonds, in which case the
energy of all conformations with C� not-viable contacts is
increased by �2C�, the total density of states becomes more
convex both for �2 �not shown� and, particularly, �2 when �2
is increased by the same amount �b� and �d�. For �e� �1=3 the
density of states becomes more convex, due to the continu-
ous shift of subdensities to lower energies, which is consis-
tent with the increase in its �2 value. For �f� �2=3, on the
other hand, the continuous shift of subdensities to higher
energies populates previously empty energy levels, increas-
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FIG. 7. Total number of conformations as a function of energy, that is, the density of states �thick line�, in logarithmic scale, and relevant
subdensities �crossed thin lines� for uncoupled �left-hand side� and coupled �right-hand side� � hydrogen bonds, with fixed lattice coordi-
nation reduction z /zh=7 /3 and chain length N=16. Subdensities in �a�, �c�, and �e� correspond to the number of conformations with a given
number of hydrogen bonds, B, which are gradually left shifted as the hydrogen bond strength increases and their energies are decreased
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ing the average energy of the system at infinite temperature
and, therefore, increasing 	E� while decreasing �2 �see Eq.
�5��.

Simulations with geometrically realistic, three-
dimensional models should be useful to verify to what extent
the present results are general. An investigation of the effect
of coupled versus uncoupled hydrogen bonds on the density
and subdensities of states might also turn out to be approach-
able by approximate analytical models, similar to the ones
that have been used to describe protein folding and collapse
as a diffusion process along one or a few reaction coordi-
nates, e.g., �38,39�. The present enumeration results, how-
ever, already demonstrate that collapse cooperativity might
be strongly dependent on the assumption of enthalpically
favorable hydrogen bonds, independently of their local envi-
ronment, as opposed to another, maybe more reasonable, sce-
nario in which internal hydrogen bonds become favorable, or
at least more favorable, when buried inside the protein glob-
ule. This observation corroborates our previous suggestion
that the requirement of hydrogen bond formation upon chain
collapse, independently of sequence, might contribute to pro-
tein folding two-state behavior when collapse and folding
occur concomitantly �1� and is also consistent with a coop-
erative unspecific protein collapse when collapse and folding
are not concomitant or when folding, but not collapse, is
abolished by suitable mutations, as suggested by recent ex-
perimental results �14,15�.

V. CONCLUSION

The present enumeration results demonstrate that, even
for geometrically identical polypeptide models, collapse co-
operativity might be drastically dependent on basic assump-
tions underlying the implementation of internal hydrogen
bonds. It is apparent that previous simulations suggesting a
one-state, continuous transition, might simply reflect the use
of uncoupled, energetically favorable bonds. In more realis-
tic implementations it is likely that hydrogen bonds should
be coupled to hydrophobic interactions, in such a way that
they would only be favorable, or at least more favorable,
when buried. It is indicated that in this case collapse coop-
erativity could be significantly increased and become more
consistent with recent experimental observations that suggest
a two-state transition for the rapid contraction of some pro-
teins and nonfolding peptides.
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